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@ Introduction
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Distributionally robust bandits

® Optimize a worst case objective. (X context, 7 policy, Y outcome)

max E(x y)p[Y (m(X))].
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Distributionally robust bandits

® Optimize a worst case objective. (X context, 7 policy, Y outcome)

max E ~plY(m(X))]. max inf E ~olY (m(X))].
ax Eoxyyep[Y (m(X))] W‘mQPEp(KY)Q[( (X))]

e Useful if deploy optimal 7 on some target domains.
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Practical scenarios

¢ Robotic training.[Peng et al., 2018]

¢ Medical deployment.[Tang et al., 2024]
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Topic of today
® How to solve distributionally robust bandits problems?

® Wasserstein metric. W,(Q, P) = inf (g, p)(E,[d(X, Y)P})%
® Continuous context. (Discrete is studied in Shen et al. [2023])

® Separate distribution shifts. (context shifts)
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@ Formulations and Estimations
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Context shift

® Primal:
Ve = inf Exp[R"(X)],
Sm)= il Exep [R7(X)
”/p(PP;J()Sp

where R™(z) = E[Y|X = z, 7.
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Context shift

® Primal:

Ve(r)= inf Ex.p|R"(X)],
Sm)= i Exep [B7(X)
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where R™(z) = E[Y|X = z, 7.
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Context shift

® Primal:

Vei(m) = inf Ex~ (X
p(ﬂ-) Pelg(X) X P[R ( )]a
Wo(P.PY )<

where R™(z) = E[Y|X = z, 7.

e Dual:

AR, TEX

Ve(r) = sup {EXNP% [inf {R’r(x) +)\d(x,X)p}} _ /\pp}.

® Goal: find an optimal policy within a class II:

VC
e Ve (1)
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Estimation

Ve(r) = sup {EXNP% [mf {Rw) +)\d(x,X)p}} - App}.

AR, TEX
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Estimation

Ve(r) = sup {EXNP)O( [mf {Rw) +)\d(x,X)p}} - )\pp}.

AR, TEX

® Given dataset {(X;, A;,Y;)}!" ;, how do we infer the value?
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Estimation

Ve(r) = sup {EXNP% [mf {Rw) +)\d(1:,X)p}} - App}.

AR, TEX

® Given dataset {(X;, A;,Y;)}!" ;, how do we infer the value?

® Non-parametric estimator Nadaraya-Watson:

R(z,a) = Yy YiK (55714, = a)
DL KA = a)

)
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Estimation

‘/}pc(ﬂ) = sup {711 '" [inf {ﬁ”(q) —l—)\d(x,Xi)p}] - )\pp}

e |s it sample efficient?

® |s it computation efficient?
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Statistical error

Theorem 1 [non-asymptotic and asymptotic]

If reward R™(x) is Lipschitz:

sup 17;(71') — sup Vpc(w) = Op(n_ﬁld) + A,

mell mell
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Statistical error

Theorem 1 [non-asymptotic and asymptotic]

If reward R™(x) is Lipschitz:

sup 17;(71') — sup Vpc(w) = Op(n_ﬁld) + A,

mell mell

® Where is the dependence on p?

min{\/logé’l,p—k 711}, when p is small.
A, =

0, when p is large.
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Statistical error

e High-level idea:
p is large
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Statistical error

e High-level idea:
pis large = V() = inf R" ().
T

® Only need to find the minimum.

® How large p should be?

V() = inf, R™(x) if and only if

Pp > IEX [d(xinb X)p]- (X 7é xinf)] ’

where zi¢ € arginf R™(z).
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Summary

__1
® Using non-parametric approach can achieve Op(n™ 2+4) convergence rate.
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Summary

__1
® Using non-parametric approach can achieve Op(n™ 2+4) convergence rate.

Statistical inference is possible.

p plays a role in convergence rate.

Reward shift shares the similar results.
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© Algorithms
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Compute the optimal policy

® How do we solve:

VE(mg) = E,. s | inf 4 R™ Ad(z, X)PH| — A
sup V,, (o) esgo{ X~PY L}gx{ (z) + Ad(z, )}] p”}

= sup Gp(A;0)
0,2>0
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Compute the optimal policy

® How do we solve:

VE(mg) = E, =0 |inf { R™ A(z, X)P L] — A
sup V, () esgo{ X~PY L}gx{ (z) + Ad(z, )}] pp}

= sup Gp(A;0)
0,2>0

® Step 1: Solve inf cy.
® Step 2: Update A.
e Step 3: Update 6.
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Overall algorithm

Algorithm 1 Distributionally Robust Policy Gradient under Context Shift (DRPG-C)
1: for stept=0,---,7 —1do
2: Set A\ o= M/pP.
3: forstepk=0,---,Tqua — 1 do

4: Set x;,(X) = MinimizationOracle(R,my,, At k, X, 0, Tinner) for all X €
Supp(PY).

5 Set A\ppy1 = Mg+ - (EXNP% [d(ze (X)), X)P] — pP).

6: if |EX~p)o( [d(z (X)), X)P] — pP| < € then

7 break

8 end if

9: end for

10:  Update 6,01 = 0; + ayp - EXwP)O( > u Rzt 1(X),a) - Vomg, (alze 1(X))].

11: end for

12: output: my,..
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Theoretical Issues

X0)=supE. = |inf { R™ Mz, X)P L = A
T;ISG”( ) SUp By L}gX{R () + Ad(z, )}} pp}

e Optimize x: Rmo (x) may be non-convex. Let p = 27
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Theoretical Issues

X0)=supE. = |inf { R™ Mz, X)P L = A
glng( ) SUp By L}gX{R () + Ad(z, )}} pp}

e Optimize x: Rmo (x) may be non-convex. Let p = 27

® Optimize A: G)(A;0) may not be strongly-concave at its optimal point.
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Theoretical Issues

Condition [Robust level]

We consider the robust level p satisfying that 0 < p? < Ck.

e Under the robust level condition,

® QOptimization inf, ¢y is strongly convex.
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Theoretical Issues

Condition [Robust level]

We consider the robust level p satisfying that 0 < p? < Ck.

e Under the robust level condition,
® QOptimization inf, ¢y is strongly convex.
® G(\,0) is locally strongly concave.
e Convergence rate:
® |teration complexity O(loge™!) for ||z (X) — 23 (X;0)| < e.
® |teration complexity O(loge™!) for [A\p — \*(0)| < &.

® Iteration complexity O(s72) for min,<7 ||VoV.(my,)|| < €.
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O Experiments
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Simulation results

® How robust policy works?
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Simulation results

® How robust policy works?

® X¥=10,1] x [0,1], A= {0,1}. Reward function:

2
R(zx,a) := 4ReLU? <ZE2 - <:c1 - ;) - ;) -1{a =0} + %5 -1{a =1}.

® Bayes optimal policy:

B 1\? 1 1
F*ayes(o‘x)zl x22<$1—2> +§+27\/E .
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Simulation results

Wenhao Yang
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Bayes Optimal Policy
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Simulation results

® Linear policy class (Bayes optimal policy is excluded):

exp(a:Tﬁa) 9
g = : R= 3.
e lin {We(a|$) S weron DT 0) 6o, 61 €
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Simulation results

® Linear policy class (Bayes optimal policy is excluded):

exp(a:Tﬁa) 9
g = : R= 3.
e lin {We(ab?) S weron DT 0) 6o, 61 €

® Run standard policy gradient of non-robust case.

® Run DRPG-C.
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Simulation results

Non Robust Policy
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Conclusion

® | everaging non-parametric estimators to solve Wasserstein distributionally robust

bandits.
e Statistical error is controlled by classic non-parametric rate, in both non-asymptotic and

asymptotic regime.
® A practical algorithm is developed with theoretical guarantees.

Thank you for listening! Happy to take questions.

Poster at APS Market showcase at Flex C (Oct 22, 2:15-3:30pm)
“Limit Theorems for SGD with Infinite Variance”

35
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