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What is Robust RL?

• Two environments: A and B.
• Optimal policy in A may be sub-optimal/bad in B.
• Can we design a conservative policy?
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What is Robust MDPs?

• Instance parameters: ⟨S,A, R, P ∗, γ⟩.

• Uncertainty set: P =
⊗

s,a Ps,a,

Ps,a :=

{
P (·|s, a) ∈ ∆(S)

∣∣∣∣∣ ∑
s′∈S

f

(
P (s′|s, a)
P ∗(s′|s, a)

)
P ∗(s′|s, a) ≤ ρ

}
.

• Robust value function with given policy π:

V π
rob,c(s) := inf

P∈P
V π
P (s).

• Optimal robust value function V ∗
rob,c(s) := maxπ V

π
rob,c(s).
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Why Robust MDPs?

• Why care robust MDPs?

• A large ρ can reduce sample complexity. [YZZ22]

Theorem [YZZ22]

There exists a class of MDPs, given that f(t) = (t − 1)2, for every (ε, δ)-correct RL
algorithm A , the total number of samples needs to be at least:

Ω̃

(
|S||A|

ε2(1− γ)2
min

{
1

1− γ
,
1

ρ

})
. (1)
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How to solve Robust MDPs?

• V ∗
rob,c still satisfies Bellman equation:

V ∗
rob,c(s) = max

a

(
R(s, a) + γ inf

Ps,a∈Ps,a

∑
s′

P (s′|s, a)V ∗
rob,c(s

′)

)
:= Trob,cV

∗
rob,c(s).

• If we know:
• A good estimiation of P ∗,
• Solution of inner optimization problem infPs,a∈Ps,a

∑
s′ P (s′|s, a)V (s′) for any given V ,

near-optimal robust value function can be obtained with efficient sample
complexity.[YZZ22]
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Problems on Current Setting.

• Memory space O(|S|2|A|). (Storing P̂ )

• Computation complexity of inner optimization problem enlarges with instance size.
• Question: can we design a model-free algorithm with efficient sample complexity

(including the complexity of inner optimization problem)?
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Q-learning

• Q-learning updating rule:

Qt+1(s, a) = (1− αt)Qt(s, a) + αtT̂ Qt(s, a), (2)

where T̂ Qt(s, a) = rt(s, a) + γmaxaQt(s
′
t, a) and satisfies

E[T̂ Qt|Ft] = T Qt = R(s, a) + γEP maxa′ Qt(s
′, a).

• Subtracting Q∗ each side:

Qt+1 −Q∗ =(1− αt)(Qt −Q∗)

+ αt(T̂ Qt − T Qt) + αt(T Qt − T Q∗) (3)
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Theorem [Wai19, LYZJ21]

For a sequence Xt+1 = (1−αt)Xt+αtYt+αtδt, where {Yt}t≥0 is a martingale difference,
(1− αt)αt−1 ≤ αt, and

∑T−1
t=0 δt = o (1/αT ), then XT satisfies:

E|XT | ≤ Õ

(
√
αT + αT

T−1∑
t=0

δt

)
(4)

• Convergence rate is guarateed [Wai19]:

E ∥QT −Q∗∥∞ = Õ (
√
αT ) (5)
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• For robust MDPs, noting the robust Bellman operator:

Trob,cQ = R(s, a) + γ inf
Df (P∥P ∗

s,a)≤ρ
Es′∼P max

a
Q(s′, a) (6)

• Non-linear functional of expectation.
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Key observation

• Simplify the notation of inner optimization problem:

inf
Df (P∥P ∗)≤ρ

∑
i

PiVi.

• Dual form:

sup
λ≥0,η∈R

−λ
∑
i

P ∗
i f

∗
(
η − Vi

λ

)
− λρ+ η,

where f∗(t) = sups≥0(st− f(s)).
• How to construct a good estimator for TrV with a given V and O(1) samples?

(specifically, unbiased)
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Key observation

• Problem is equivalent to construct a good estimator for:

sup
θ

EP f(X; θ). (7)

• But E supθ
1
n

∑m
i=1 f(Xi; θ) ̸= supθ EP f(X; θ).

• Can we construct a random variable Zn based on {Xi} s.t. EZn = supθ EP f(X; θ)?
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Multilevel Monte-Carlo method

• Multilevel Monte-Carlo method [BGP19]: Given 2N+1 i.i.d. samples {Xi}2
N+1

i=1 with
N ∼ Geo(g),

∆N =sup
θ

1

2N+1

2N+1∑
i=1

f(Xi; θ)

− 1

2
sup
θ

1

2N

2N∑
i=1

f(X2i; θ)−
1

2
sup
θ

1

2N

2N∑
i=1

f(X2i−1; θ). (8)

• E[supθ f(X1; θ) + ∆N/pN ] = supθ EP f(X; θ) by noticing:

E[∆N/pN ] =
+∞∑
n=0

EP2n+1 [sup
θ

f(X; θ)]− EP2n
[sup

θ
f(X; θ)] (9)
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N ∼ Geo(g),

∆N =sup
θ

1

2N+1

2N+1∑
i=1

f(Xi; θ)

− 1

2
sup
θ

1

2N

2N∑
i=1

f(X2i; θ)−
1

2
sup
θ

1

2N

2N∑
i=1

f(X2i−1; θ). (8)

• E[supθ f(X1; θ) + ∆N/pN ] = supθ EP f(X; θ) by noticing:

E[∆N/pN ] =

+∞∑
n=0

EP2n+1 [sup
θ

f(X; θ)]− EP2n
[sup

θ
f(X; θ)] (9)
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Distributionally Robust Q-learning

• Updating rule of DR Q-learning [LBB+22]:

• For each (s, a), sample N ∼ Geo(g), and 2N+1 samples of s′ ∼ P (·|s, a).
• Qt+1(s, a) = (1− αt)Qt(s, a) + αtT̂rob,cQt(s, a), where T̂rob,cQt is the Multilevel MC

estimator.

• Choice of parameter g ∈ (1/2, 3/4), leading E2N+1 = 2g/(2g − 1).

• Sample complexity [WSBZ23]: Õ
(

|S||A|
ε2(1−γ)5ρ4

)
.

• Limitation: unknown to computation complexity.
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Alternative form

• Recall the dual form:

sup
λ≥0,η∈R

−λ
∑
i

P ∗
i f

∗
(
η − Vi

λ

)
− λρ+ η.

• Can we apply stochastic gradient method?
• Sadly, stochastic gradient method will fail here. [ND16]
• Reason: no bounded gradient because of λ.
• Set f(t) = (t− 1)2, dual form:

sup
λ≥0,η∈R

−
∑

i P
∗
i (η − Vi)

2
+

4λ
− λρ+ η − λ. (10)

• Jointly optimizing over λ, η fails.
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Alternative form

• What if fix λ?

• Let’s try penalty form:

inf
P

∑
i

PiVi + λDf (P∥P ∗)

• Its dual form satisfies:

sup
η∈R

−λ
∑
i

P ∗
i f

∗
(
η − Vi

λ

)
+ η. (11)

• High-level idea: small ρ (constraint form) corresponds to large λ (penalty form).
• Stochastic gradient method works here!
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Penalized Robust MDPs

• How to define penalty in robust MDPs?

• Intuitively, consider a new robust Bellman operator:

Trob,pV (s) = max
a

(
R(s, a) + γ inf

P

∑
s′

P (s′)V (s′) + λDf (P∥P ∗
s,a)

)
(12)

• Define the value function:

V π
rob,p(s) := inf

P
EP,π

∑
t≥0

γt (R(st, at) + λγDf (Pst,at∥P
∗
st,at

)
)∣∣∣∣∣∣ s0 = s

 (13)
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Penalized Robust MDPs

• Is V π
rob,p well defined?

Proposition ([YWK+23])

Trob,p is a γ-contraction operator on value space with a fixed point V ∗
rob,p, which satisfies

V ∗
rob,p = maxπ V

π
rob,p.
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• Is robustness preserved?

Theorem (Statistical Equivalence [YWK+23])

With a generative model and f(t) = (t− 1)2, with probability 1− δ,

∥V̂ ∗
rob,p − V ∗

rob,p∥∞ ≤ ε, (14)

by taking n = Õ
(

|S||A|
ε2(1−γ)2

max{λ−2(1− γ)−2, λ2}
)
. Also, there exsits a class of robust

MDPs, for every (ε, δ)-correct robust RL algorithm, the total number of samples needed
is at least:

n =

Ω̃
(

|S||A|λ2

ε2(1−γ)3

)
,when λ = O(1− γ)

Ω̃
(

|S||A|
ε2(1−γ)3

)
,when λ = Ω(1− γ)

(15)
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• Consider a 2-state MDP:

𝑧𝑧0 𝑧𝑧1𝑝𝑝 1 − 𝑝𝑝
1

• Value function satisfies:

V (z0) = 1 + γ inf
0≤q≤1

qV (z0) + λDf (q∥p) (16)

• For f(t) = (t− 1)2, it is a quadratic equation.
• Compare V (z0) under p and p+ δ, then apply information theory.
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• We can design the robust Q-learning algorithm with a generative model:

At timestep t, for each (s, a), we do
• Stochastic gradient method for supη∈R −λ

∑
s′ P

∗(s′|s, a)f∗
(

η−Vt(s
′)

λ

)
+ η with

sufficient steps T ′ and obtain ηT ′(s, a).
• Run one step Q-learning:

Qt+1(s, a) = (1− βt)Qt(s, a) + βtT̂rob,pVt,

where T̂rob,pVt = rt + γ ·
(
−λf∗(ηT ′ (s,a)−Vt(s

′)
λ ) + ηT ′(s, a)

)
.
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Robust Q-learning

• Why sufficient steps T ′ for inner optimization problem?

• Given Vt, |ηT ′ − η∗| is small with high probability.
• Convergence of Q-learning requires a nearly-unbiased estimator of
supη∈R−λ

∑
s′ P

∗(s′|s, a)f∗
(
η−Vt(s′)

λ

)
+ η.

• With a near optimal ηT ′ , −λf∗(
ηT ′ (s,a)−Vt(s′)

λ ) + ηT ′(s, a) is nearly-unbiased.
• Error decomposition:

J(s′t; ηT ′ , Vt)− sup
η

EJ(s′; η, V ∗) = J(s′t; ηT ′ , Vt)− EJ(s′; ηT ′ , Vt)

+ EJ(s′; ηT ′ , Vt)− sup
η

EJ(s′; η, Vt)

+ sup
η

EJ(s′; η, Vt)− sup
η

EJ(s′; η, V ∗) (17)
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Robust Q-learning

Theorem ([YWK+23])

Setting f(t) = (t − 1)2, αt′ = λC√
t′
, and βt = 1

1+(1−γ)(t+1) . To obtain an ε-optimal
Q-value function, the total number of sample complexity is:

Õ
(

|S||A|
ε2(1− γ)5

)
· Õ
(
max{λ2, λ−2(1− γ)−4}

ε2(1− γ)2

)
(18)
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Limitations

• [LBB+22, WSBZ23, YWK+23] require generative model.

• Practical scenario: sampling from one trajectory.
• Observed samples (s0, a0, r0, s1, a1, · · · ).
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One trajectory

• [LMB+23] consider concrete cases: χ2 and KL.

• For χ2 case, optimize over λ:

Trob,cV = R(s, a) + γ sup
η

(
η −

√
1 + ρ

√
EP∗

s,a
(η − V (s′))2+

)
(19)

• Gradient w.r.t. η:

g(η;V ) = 1−
√
1 + ρ

EP∗
s,a

(η − V (s′))+√
EP∗

s,a
(η − V (s′))2+

= 1−
√
1 + ρ

Z1√
Z2

(20)
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One trajectory

• Updating rule (at timestep t):

Zt+1,1(st, at) =(1− αt,1)Zt,1(st, at) + αt,1(ηt(st, at)− Vt(st+1))+ (21)

Zt+1,2(st, at) =(1− αt,2)Zt,2(st, at) + αt,2(ηt(st, at)− Vt(st+1))
2
+ (22)

ηt+1(st, at) =(1− αt,3)ηt(st, at) + αt,3(1−
√

1 + ρ
Zt,1(st, at)√
Zt,2(st, at)

) (23)

Qt+1(st, at) =(1− αt,4)Qt(st, at)

+ αt,4(R(st, at) + γ(ηt(st, at)−
√

1 + ρ
√

Zt,2(st, at))) (24)

Theorem ([LMB+23])

As t → ∞, (Zt,1, Zt,2, ηt, Qt) converges to (Z∗
1 , Z

∗
2 , η

∗, Q∗) a.s.
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One trajectory

• Assumption: αt,1 = αt,2 = o(αt,3), and αt,3 = o(αt,4).

• Updating Zt with fixed ηt and Qt:

Ż(t) = f(Z(t), η(t), Q(t)),

η̇(t) = 0, Q̇(t) = 0. (25)

Z(t) → λ1(η,Q).
• Updating ηt with fixed Qt:

η̇(t) = g(λ1(η(t), Q(t)), η(t), Q(t)), Q̇(t) = 0. (26)

η(t) → λ2(Q).
• Finally,

Q̇(t) = h(λ1(Q(t)), λ2(Q(t)), Q(t)). (27)
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Ż(t) = f(Z(t), η(t), Q(t)),

η̇(t) = 0, Q̇(t) = 0. (25)

Z(t) → λ1(η,Q).
• Updating ηt with fixed Qt:

η̇(t) = g(λ1(η(t), Q(t)), η(t), Q(t)), Q̇(t) = 0. (26)

η(t) → λ2(Q).
• Finally,

Q̇(t) = h(λ1(Q(t)), λ2(Q(t)), Q(t)). (27)

Wenhao Yang Stanford Univeristy

Model-free Approaches to Robust Markov Decision Processes 29 / 36



Introduction Model-free robust MDPs Conclusion Reference

One trajectory

• Assumption: αt,1 = αt,2 = o(αt,3), and αt,3 = o(αt,4).
• Updating Zt with fixed ηt and Qt:
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• 2 approaches to get a good estimator of non-linear objective:

• Multilevel Monte-Carlo
• Stochastic Gradient

• Computation complexity for MMC is not considered.
• Stochastic gradient estimator needs a variant of robust MDPs, which still preserves

robustness.
• Data generating mechanism: from generative model to one trajectory. No finite-sample

results for now.
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