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What is (distributional) robustness?

® Models may be sensitive to estimation errors.

® Example: suppose X ~ P and @ is the parameter of interest.
The population risk minimization is:

mein Epf(X;0); 6* € argmaxgEpf(X;8).
The empirical risk minimization is:

min Bz £(X; 0) Zf (Xi; 0); 0 € argmaxglp, £(X;0)

-~

e (*

* may vary a lot with estimation errors of P,.
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The empirical robust risk minimization:

min  sup  Eqof(X;0); minimizer: g:.
D(QII1Pn)<p

Why 67 is less sensitive to randomness of P,?
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Robust Markov Decision Processes

® Same parameters with MDPs: (S, A, P, R, ).
e Additional parameters: uncertainty set P.
Robust value function:

Vi(s) = Fi)rél;VE(s).

Robust Bellman operator 7,":

TV =R" +~ inf PTV.
PeP

Optimal robust Bellman operator 7,:

T,V =maxR"™ +~ inf PTV.
m PEP

Wenhao Yang Peking Univeristy

Statistical Properties of Robust MDPs



Robust MDPs
0®0

Robust Markov Decision Processes

® Same parameters with MDPs: (S, A, P, R, ).
e Additional parameters: uncertainty set P.
Robust value function:

Vi(s) = Fi)rél;VE(s).

Robust Bellman operator 7,":

TV =R" +~ inf PTV.
PeP

Optimal robust Bellman operator 7,:

T,V =maxR™ +~ inf PTV.
7r PeP

Both are y-contraction. Fixed points are V™ and

* ™
V¥ = max,; VT.
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® No! It may be NP hard.[WKR13]

¢ [WKR13] Most common assumption on P:
® (s,a)-rectangular: P = @, , Ps.a.
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® Example: f-divergence set:
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Uncertainty Set

® Can we choose an arbitrary P?
® No! It may be NP hard.[WKR13]

¢ [WKR13] Most common assumption on P:
® (s,a)-rectangular: P = @, , Ps.a.
® s-rectangular: P = &), Ps.
® Example: f-divergence set:
® Poo={Qua € AWS) Syes F(B)Prals) < o}
Ps ={Qsa € AS)| X senves F(7 aé:,i)Ps,a(s') < |Alp}.
[ ]

[WKR13] Optimal polices 7} € arg max, V[
® Stationary, deterministic under (s, a)-rectangular assumption.
® Stationary, stochastic under s-rectangular assumption.
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® P is always unknown!

® Generative model: for each (s, a), we obtain n samples
X ~ Peal0)

e Estimation of P: /35,3(5’) =15, ]l(X,-(S’a) =5).

e PP, VI VT Vr o Vv
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Prior Results

® How many samples are sufficient to guarantee
”Vr* - Vr*”OO < £?

® [ZBZ*21]: (s, a)-rectangular, f(t) = tlogt (KL set), number

~ \3|3\A\EXP(ﬁ)
of samples O (W .

® |t is counter-intuitive...
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Lower Bound

® A classic example with 2 states, 1 action:

® Robust value function: V;(z) =

where g(p) = infp, (g p)<, ¢ and
D¢(qllp) = pf(p/q) + (L = p)f(1 - p/1—q).

1
1—vg(p)’
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—~ 1— / 2
* [AMK13] told us n = Q (%)
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Consider a perturbation from p to p + §:

1 1 798’ (p)

T g 8) 1 7)) A e@P =

B ~ (17 ) /( )2
[AMK13] told us n = Q (%)

f(t) = It — 11, g(p) = p — p/2n = 2 (S min{ 7257, 1}).
f(t) = (t — 1)
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B ~ (17 ) /( )2
[AMK13] told us n = Q (%)

t =11, g(p) = p— p/2n = 0 (S min{ 0, 1 }).

g(p) = p— /pp(1 = p)n = Q (s min{ L, 1)
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Okay...How about upper bound?

® No explicit expression of V...

Let's take advantage of robust Bellman operator:

~ 1 ~
V= Vil < 7—— sup TV =TV oo
— Y xen,ve[0,1/1—4]IS!

Uniform analysis on V' can be unnecessary. But no harm!
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Okay...How about upper bound?
® No explicit expression of V...

Let's take advantage of robust Bellman operator:

~ 1 ~
VP = Vo < —— sup |77V =T V||
— 7 ren,velo,1/1—]IS|

Uniform analysis on V' can be unnecessary. But no harm!
log V(T | - [l1) ~ log N'([0,1/1 — 7115, || - ) = ©(|S)).
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By [Shal7]:
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® For any fixed 7, V, we need concentration inequality to bound
177V =T V]loo-

® How...? Randomness is hidden in the constraints. Try dual.
By [Shal7]:

(P) inf) > Qs)V(s).

Dr(QIIP)<p

n— V(s
(D) sup —)\ZP f* ()) Ap 4.
A>0,7€R

® Next: calculations...
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assumption.
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® Upper bound O (%)'

® For f(t) = tlogt, an additional parameter
(minP*(s’|s,a)>0 P*(S/|5a a))_l'
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e Consider three f: |t — 1|, (t —1)?, tlogt, in (s, a)-rectangular
assumption.
~ SI2
® Upper bound O (%).
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For f(t) = tlogt, an additional parameter
(minP*(s’|s,a)>0 P*(S/|5a a))_l'
Wait... Why infinity when p — 07
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Non-asymptotic Results

Upper bound

e Consider three f: |t — 1|, (t —1)?, tlogt, in (s, a)-rectangular
assumption.
A S?|A
® Upper bound O (%)
[

For f(t) = tlogt, an additional parameter
(minP*(s’|s,a)>0 P*(S/|5a a))_l'
Wait... Why infinity when p — 07

By fact V¥ — V* when p — 0, alternative bound:
o h(p) > 5 S|
Vr*—Vr*Oog(’)( +0 —_— .
VeVl =0 oy (T—
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Asymptotic Normality

¢ Confidence length of non-asymptotic results is Op(+1/log n/n).
® The non-asymptotic upper bound is not tight.

® In large sample regime, rate of |V} — V||« is Op(1/+/n).

[ )

Fix a 7w, by CLT and delta method:

V(TTVE = TFVE) 5 N (0 A7),
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Asymptotic Results

Asymptotic Normality

e Confidence length of non-asymptotic results is OP(W).
® The non-asymptotic upper bound is not tight.

® In large sample regime, rate of ||V — V*||os is Op(1/y/n).

® Fix a m, by CLT and delta method:

V(TTVE = TFVE) 5 N (0 A7),

LHS = =M™ - \/n(V{™ — V) + op(y/n|| VI — V||, where
MT is the derivative of functional / — 7,7 at V.
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Asymptotic Results

Asymptotic Normality

e Confidence length of non-asymptotic results is OP(W).
® The non-asymptotic upper bound is not tight.
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Asymptotic Results

Asymptotic Normality

¢ Confidence length of non-asymptotic results is Op(+1/log n/n).
® The non-asymptotic upper bound is not tight.

® In large sample regime, rate of ||V — V*||os is Op(1/y/n).
® Fix a m, by CLT and delta method:

V(TTVE = TFVE) 5 N (0 A7),

® LHS = —M™ - /n(V] — V) + op(v/n|| V7" — V7 [lx), where
MT is the derivative of functional / — 7,7 at V.

e Notice /n(VF — V) = Op(1) and prove M™ is consistent to
M

Va(VF — V) S (0, (MT)IAT (M) T,
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e What about /n(V* — V*)?

® Need uniqueness assumption of 7* € arg max V. And replace
7w with 7*.

e |f not. Still \/n rate, but not asymptotic normal. The
asymptotic distribution be like:

\/ N, (M™)TIAT(M™)™T),

mell*

where x V' y = max{x, y}.
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Statistical Results
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Asymptotic Results

Asymptotic Normality

What about v/n(V* — V*)?
Need uniqueness assumption of 7* € arg max V. And replace
7w with 7*.

If not. Still \/n rate, but not asymptotic normal. The
asymptotic distribution be like:

\/ Ao, (M) AT (M) ),
mel*

where x V' y = max{x, y}.
® How to do inference?
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Discussion

® How to construct an efficient robust estimator in linear
MDPs?
e Eg P=9%0 dc RL‘EHA|Xr is known and 6 € er"g‘ is
unknown. Offline dataset with coverage rate o.
® Estimation of § may be dependent on |S|.

® Least squares: E[|f — 0|2 < O(4/ %) (Can we reduce it?)

e Currently the methods are model-based. (O(|S|?|.A|) memory

space). Can we derive a model-free algorithm? (Tadashi and |
are working on it.)
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