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What is (distributional) robustness?

• Models may be sensitive to estimation errors.

• Example: suppose X ∼ P and θ is the parameter of interest.
The population risk minimization is:

min
θ

EP f (X ; θ); θ∗ ∈ argmaxθEP f (X ; θ).

The empirical risk minimization is:

min
θ

EP̂n
f (X ; θ) :=

1
n
∑

i
f (Xi ; θ); θ̂∗n ∈ argmaxθEP̂n

f (X ; θ)

• θ̂∗n may vary a lot with estimation errors of P̂n.
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What is (distributional) robustness?

• One solution: introduce (distributional) robustness.

• The population robust risk minimization:

min
θ

sup
D(Q∥P)≤ρ

EQf (X ; θ); minimizer: θ∗r .

• The empirical robust risk minimization:

min
θ

sup
D(Q∥P̂n)≤ρ

EQf (X ; θ); minimizer: θ̂∗r .

• Why θ̂∗r is less sensitive to randomness of P̂n?
• Image ρ is super large, like infinity.
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Robust Markov Decision Processes

• Same parameters with MDPs: ⟨S,A,P,R, γ⟩.

• Additional parameters: uncertainty set P.
• Robust value function:

V π
r (s) := inf

P∈P
V π

P (s).

• Robust Bellman operator T π
r :

T π
r V = Rπ + γ inf

P∈P
PπV .

• Optimal robust Bellman operator Tr :

Tr V = max
π

Rπ + γ inf
P∈P

PπV .

• Both are γ-contraction. Fixed points are V π
r and

V ∗
r = maxπ V π

r .
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Uncertainty Set

• Can we choose an arbitrary P?
• No! It may be NP hard.[WKR13]

• [WKR13] Most common assumption on P:
• (s, a)-rectangular: P =

⊗
s,a Ps,a.

• s-rectangular: P =
⊗

s Ps .
• Example: f -divergence set:

• Ps,a = {Qs,a ∈ ∆(S)|
∑

s′∈S f (Qs,a(s′)
Ps,a(s′) )Ps,a(s ′) ≤ ρ}.

• Ps = {Qs,a ∈ ∆(S)|
∑

a∈A,s′∈S f (Qs,a(s′)
Ps,a(s′) )Ps,a(s ′) ≤ |A|ρ}.

• [WKR13] Optimal polices π∗
r ∈ argmaxπV π

r :
• Stationary, deterministic under (s, a)-rectangular assumption.
• Stationary, stochastic under s-rectangular assumption.
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• P is always unknown!
• Generative model: for each (s, a), we obtain n samples

{X (s,a)
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i=1 ∼ Ps,a(·).
• Estimation of P: P̂s,a(s ′) = 1

n
∑n

i=1 1(X
(s,a)
i = s ′).

• P̂ → P , V̂ π
r → V π
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Non-asymptotic Results

Prior Results

• How many samples are sufficient to guarantee
∥V ∗

r − V̂ ∗
r ∥∞ ≤ ε?

• [ZBZ+21]: (s, a)-rectangular, f (t) = t log t (KL set), number

of samples Õ
(

|S|3|A|exp( 1
β(1−γ)

)

ε2(1−γ)2ρ2

)
.

• It is counter-intuitive...
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Non-asymptotic Results

Lower Bound

• A classic example with 2 states, 1 action:

𝑧𝑧0 𝑧𝑧1𝑝𝑝 1 − 𝑝𝑝
1

• Robust value function: V ∗
r (z0) =

1
1−γg(p) ,

where g(p) = infDf (q∥p)≤ρ q and
Df (q∥p) = pf (p/q) + (1 − p)f (1 − p/1 − q).
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Upper bound

• Okay...How about upper bound?
• No explicit expression of V ∗

r ...
• Let’s take advantage of robust Bellman operator:

∥V ∗
r − V̂ ∗

r ∥∞ ≤ 1
1 − γ

sup
π∈Π,V∈[0,1/1−γ]|S|

∥T π
r V − T̂ π

r V ∥∞.

• Uniform analysis on V can be unnecessary. But no harm!
logN (Π, ∥ · ∥1) ≈ logN ([0, 1/1 − γ]|S|, ∥ · ∥∞) ≈ Θ(|S|).
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r ∥∞ ≤ 1
1 − γ

sup
π∈Π,V∈[0,1/1−γ]|S|

∥T π
r V − T̂ π

r V ∥∞.

• Uniform analysis on V can be unnecessary. But no harm!

logN (Π, ∥ · ∥1) ≈ logN ([0, 1/1 − γ]|S|, ∥ · ∥∞) ≈ Θ(|S|).
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Non-asymptotic Results

Upper bound

• For any fixed π, V , we need concentration inequality to bound
∥T π

r V − T̂ π
r V ∥∞.

• How...? Randomness is hidden in the constraints. Try dual.
By [Sha17]:

(P) inf
Df (Q∥P)≤ρ

∑
s

Q(s)V (s).

(D) sup
λ≥0,η∈R

−λ
∑

s
P(s)f ∗(η − V (s)

λ
)− λρ+ η.

• Next: calculations...
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Non-asymptotic Results

Upper bound

• Consider three f : |t − 1|, (t − 1)2, t log t, in (s, a)-rectangular
assumption.

• Upper bound Õ
(

|S|2|A|
ε2ρ2(1−γ)4

)
.

• For f (t) = t log t, an additional parameter
(minP∗(s′|s,a)>0 P∗(s ′|s, a))−1.

• Wait... Why infinity when ρ → 0?
• By fact V ∗

r → V ∗ when ρ → 0, alternative bound:

∥V ∗
r − V̂ ∗

r ∥∞ ≤ O
(

h(ρ)
(1 − γ)2

)
+ Õ

(√
|S|

(1 − γ)4n

)
.
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Asymptotic Results

Asymptotic Normality

• Confidence length of non-asymptotic results is OP(
√
log n/n).

• The non-asymptotic upper bound is not tight.
• In large sample regime, rate of ∥V ∗

r − V̂ ∗
r ∥∞ is OP(1/

√
n).

• Fix a π, by CLT and delta method:
√

n(T̂ π
r V π

r − T π
r V π

r )
d→ N (0,Λπ).

• LHS = −M̂π ·
√

n(V π
r − V̂ π

r ) + oP(
√

n∥V̂ π
r − V π

r ∥∞), where
M̂π is the derivative of functional I − T̂ π

r at V π
r .

• Notice
√

n(V π
r − V̂ π

r ) = OP(1) and prove M̂π is consistent to
Mπ:

√
n(V̂ π

r − V π
r )

d→ N (0, (Mπ)−1Λπ(Mπ)−⊤).
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• Confidence length of non-asymptotic results is OP(
√

log n/n).
• The non-asymptotic upper bound is not tight.
• In large sample regime, rate of ∥V ∗

r − V̂ ∗
r ∥∞ is OP(1/

√
n).

• Fix a π, by CLT and delta method:
√

n(T̂ π
r V π

r − T π
r V π

r )
d→ N (0,Λπ).

• LHS = −M̂π ·
√

n(V π
r − V̂ π

r ) + oP(
√

n∥V̂ π
r − V π

r ∥∞), where
M̂π is the derivative of functional I − T̂ π

r at V π
r .

• Notice
√

n(V π
r − V̂ π

r ) = OP(1) and prove M̂π is consistent to
Mπ:

√
n(V̂ π

r − V π
r )

d→ N (0, (Mπ)−1Λπ(Mπ)−⊤).
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Asymptotic Normality

• What about
√

n(V̂ ∗
r − V ∗

r )?
• Need uniqueness assumption of π∗ ∈ argmaxV π

r . And replace
π with π∗.

• If not. Still
√

n rate, but not asymptotic normal. The
asymptotic distribution be like:∨

π∈Π∗

N (0, (Mπ)−1Λπ(Mπ)−⊤),

where x ∨ y = max{x , y}.
• How to do inference?
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Discussion

• How to construct an efficient robust estimator in linear
MDPs?

• E.g. P = Φθ, Φ ∈ R|S||A|×r
+ is known and θ ∈ Rr×|S|

+ is
unknown. Offline dataset with coverage rate σ.

• Estimation of θ may be dependent on |S|.
• Least squares: E∥θ̂ − θ∥2

2 ≤ O(

√
|S|r5/2

nσ2 ). (Can we reduce it?)
• Currently the methods are model-based. (O(|S|2|A|) memory

space). Can we derive a model-free algorithm? (Tadashi and I
are working on it.)
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