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® Motivation
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Background 1: Stochastic Gradient Descent (SGD)

e SGD, Inference, Infinite Variance.
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Applications of SGD
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Applications of SGD
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Applications of SGD
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SGD setup

® QObjective:

meinﬁ(e), 0" := arg ménﬂ(&).
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SGD setup

® Objective:
m@in@(@), 0" = arg m@in[(@).
¢ Stochastic Gradient Descent [Robbins and Monro, 1951]:

9n+1 =0, — nnV€(9m §n+1)7
with E[Vﬂ(a,f)] = VZ(Q).
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Benefits of SGD

¢ Computation efficiency: mini-batching [Bilmes et al., 1997].
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Benefits of SGD

¢ Computation efficiency: mini-batching [Bilmes et al., 1997].
® Escaping Saddle points [Jin et al., 2017].
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Background 2: Inference

® SGD, Inference, Infinite Variance.

With randomness, how to measure the accuracy of 4,7 J
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Uncertainty Quantification 1: Expectation Error

® Measurement:

® Expectation error: E||0,, — 0*|| < 2(n). E.g. e(n) = %
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® Stopping criterion:

Stop algorithm when (n) < 0.01.
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Uncertainty Quantification 1: Expectation Error

® Measurement:

® Expectation error: E||0,, — 0*|| < 2(n). E.g. e(n) = %

® Stopping criterion:

Stop algorithm when (n) < 0.01.

® |ssue: instance-dependent.
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Uncertainty Quantification 2: Confidence Interval

¢ Confidence Interval Cl,, = [ay, b,]:

P (% € Cl,,) ~ 0.95.
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Uncertainty Quantification 2: Confidence Interval

¢ Confidence Interval Cl,, = [ay, b,]:
P(6* € Cl,) ~ 0.95.
® A principal approach [Chen et al., 2020, Lee et al., 2022]: Central Limit Theorem
e(n) M6, — 6%) % N(0,1).
P (—1.96 < &(n) "' (0, — 0%) < 1.96) ~ 0.95.
Cl, = [0, — 1.962(n), 0, + 1.962(n)] .
® Stopping criterion:

Stop algorithm when |Cl,,| < 0.01.

® Requirement: E||V/(0,¢)]|? < +cc.
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Background 3: Infinite Variance

® SGD, Inference, Infinite Variance.

In practice, is finite variance assumption E||V/(6,£)||? < +oo reasonable? )
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Empirical Observation

® The histogram of the norm of the gradient noises computed with AlexNet on Cifarl0.
[Simsekli et al., 2019].
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Empirical Observation

® The histogram of the norm of the gradient noises computed with Bert on Wiki. [Zhang
et al., 2020].
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Decaying rate P(||V£(8, )| > z) ~ =198,
Implying E[[V£(0,)[|* = +oc.
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Danger of Wrong Assumption

e Underlying model: V£(6,&) has infinite variance.
® 95% confidence interval Cl,, for 8* via finite variance approach.

Coverage Rate vs Sample Size

0.90

Coverage Rate
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Our Contributions

We need statistical inference methodologies for infinite variance SGD.

® Specifically:
® Limit theorems for infinite variance SGD.
Theorem [Informal]: 7]7%71 LO(1) - (0, — 6%) % Stable distribution.
® Efficient inference approach to Cl,,.

® Techs: self-normalization 4+ sub-sampling.

® Model-agnostic: works for both finite variance and infinite variance.
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® Limit Theorems
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SGD Setup

® QObjective:
meing(ﬁ), strongly convex, e.g. £(f) = %HOHQ
e SGD:
Oni1 = On — VL0, Engr)-
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SGD Setup

® QObjective:
meinE(Q), strongly convex, e.g. £(f) = %HGHQ
e SGD:
Ont1 = 0n — VO, Ent1)-

® Assume V/(6,¢) follows:
o
B(Ives.ol > =20 aeq),

where O(1) hide logarithm and constant factors.

Goal: Asymptotic behavior of £(n) (6, — 6%). ]
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Intuition: Stochastic Dynamical System

® Gradient descent to Gradient flow:

0, = —VI(6,)dt.
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Intuition: Stochastic Dynamical System

® Gradient descent to Gradient flow:

0, = —VI(6,)dt.

® SGD to Stochastic gradient flow,

6, = —VI(0,)dt + dL.

® L% is an a-stable process.
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Stable process

https://demonstrations.wolfram.com/StableLevyProcess/
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Stable process
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Stable process
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Stable process
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Stable process
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Stable process
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Stable process
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Our Result

Theorem [BMY, 2024]

For n, = c-n=? (p € (a1, 1]), we have:

i—l ~ "
ng - O1) - (0n — %) S Zeina,

dominate logrithm

where Zfina satisfies:

-1

+o0o 1—
Zena 2 [ exp | (7200 + 1= )22 ) o] .
0

C

L§ is an a-stable process.

® Tool: Generalized central limit theorem [Gnedenko and Kolmogorov, 1968].
e Prior: 1-dim and O(1) = const. [Krasulina, 1969]
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Our Result

Theorem [BMY, 2024]

For n, = c-n=? (p € (a1, 1]), we have:

i—l ~ "
ng - O1) - (0n — %) S Zeina,
N N

dominate logrithm
where Zfina satisfies:
Zeo /+Oo - [(—v%(e*) +1(p= 1)1_51_1> t} dLo.
0
L§ is an a-stable process.
® « = 2 recovers finite variance case.

. . _~—1
e Fastest rate is achieved when p = 1. But ¢ > —1=&

O’min(v2e(0*)) ’
® In practice, determining c is difficult...
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Polyak-Averaging SGD

® Replace #,, with Polyak-averaging 0,, = # [Polyak et al. 1992]:

Theorem [BGY, Prep]

When 7, x n=° and p € (a1, 1):

_i1 = = « d a1l @
n' "o O(1) - (0n — %) 5 Zporyak = V2(6%) LS.

dominate
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dominate

® Benefit 1: no tuning on c.

d
® Benefit 2: Zpoiyak = Zrinal. (Corollary [BGY, Prep])
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Polyak-Averaging SGD: Benefit 2

d
® Benefit 2: Zpoiyak < Zrinal. (Corollary [BGY, Prep])

0.6
—— scale=0.5

—— scale=1.5

-10.0 -7.5 -5.0 =25 0.0 2.5 5.0 7.5 10.0

X
21/ 33



Takeaways

® SGD with infinite variance [BMY, BGY]:

® Distributions converge to non-degenerate but complex distributions.

1

L 1-
® Final iterate rate n,, .

1

® Polyak averaging rate (%)1 S
® Polyak averaging is still better in infinite variance case!

® No tuning learning rate.

® Tighter confidence size.
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© Efficient Inference
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Confidence Interval

1 ~ _
n' =5 O(1) - (B — 67) S Zpolyak
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Confidence Interval

1 ~ _
n' =5 O(1) - (B — 67) S Zpolyak

® Estimate «.
e Estimate O(1).

® Estimate quantiles of Zpgjyak-

Can we do it more efficiently? )
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Step 1: Canceling Out Nuisance Parameters

® Core idea: “self-normalization”.

® Example from i.i.d. mean estimation [Logan et al., 1973]:

e(n) ! (X, —E[X)]) 3 5.
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e(n) ! (X, —E[X)]) 3 5.

(X — X,)?
E(n)—l\/Zzzl( ng ) i> w.
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Step 1: Canceling Out Nuisance Parameters

® Core idea: “self-normalization”.

® Example from i.i.d. mean estimation [Logan et al., 1973]:

e(n) ! (X, —E[X)]) 3 5.

X, —E[X
t-statistic: \/ﬁ( [ 1]) i> 5

n

S (X2 W

25 /33



Self-normalization for SGD

Theorem [BGY, Prep]

When 7, < n=” with p € (@ 1,1) and 02 = 2 37 | V{(0;,&)V(0:,&) "

nlii ’ (5(1) : (én - 0*)5 néié : O(l) *Onp _d> (ZPolyak7 W)
~—— ——

same same

® Self-normalization:

\/ﬁHén_e*Hoo i HZpolyakHoo
Trace(c2) Trace(WW'T)
® Benefits: N
® No estimation on « and O(1).
® Working for finite variance. SN is different.
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Confidence Region

Trace(o2)

e |f SN is known:

27 /33



Confidence Region

Trace(o?2)

e |f SN is known:

P (SN < ¢) = 0.95.
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Confidence Region

Vilg =l 4
Trace(o2)

SN.

® |f SN is known:

Trace(o2)

O, — 0
PM U ) ~ 095
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Confidence Region

Trace(o2)

e |f SN is known:

T 2) T 2
P <For each i € [d], 0% [ @ — race(cy +q race(an)]> ~ 0.95.
n
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Confidence Region

Trace(o2)

e |f SN is known:

. . 2y _ . 2
P <For each i € [d], () ¢ [9@ _ g Treelon) o, Trace("“)]) ~ 0.95.

" n " n

Sl
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Confidence Region

Trace(o2)

e |f SN is known:

T 2) T 2
P <For each i € [d], 0% [ @ — race(cy +q race(an)]> ~ 0.95.
n

® [ssue: ¢ is unknown.
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Step 2: Simulating the SN

Trace(o2)

® Simulate SN:
® |deally, generate i.i.d. samples T1,--- , T} 2 SN.
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Step 2: Simulating the SN

Trace(o2)
® Simulate SN:
® |deally, generate i.i.d. samples T4, -, T} < SN, R N
® Sub-sampling [Romano and Wolf, 1999]: generate approximations T},-- -, T} for
Tv, - Ty
~ n én i o*
L

Trace(o3 ;)
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Sub-sampling for SGD

® Sub-sampling size m = n” with r € (0, 1).

SGD trajectory
(00, 00)
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Sub-sampling for SGD

® Sub-sampling size m = n” with r € (0, 1).
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Sub-sampling for SGD

® Sub-sampling size m = n” with r € (0, 1).

SGD trajectory
(gna o'n)

(émxlyam,l) ‘ (ém,%o'mﬂ) ‘ o o o ‘ e o o ‘

Restart Restart Restart Restart

29 /33



Sub-sampling for SGD

® Sub-sampling size m = n” with r € (0, 1).

SGD trajectory
(gna o'n)
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Sub-sampling for SGD

® Sub-sampling size m = n” with r € (0, 1).

SGD trajectory
(gna o'n)

(Omtsma) ’ (B2 0m2) ’ ce ’ cen ’ ce ’(em_m_)

Restart Restart Restart Restart Restart
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Sub-sampling for SGD

* Main trajectory: (6,,05,).
® Sub-sampling trajectory: (§m717 am,l) ey (ém o, O, ﬂ).

’m ’m

SGD trajectory
(gna Un)

(ém,lyam,l) ‘ (5m,2,0m,2) ‘ ¢ o o ‘ ° o o ‘ o o o ‘(gm,%vam,%)

Restart Restart Restart Restart Restart
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Sub-sampling for SGD

* Main trajectory: (6,,05,).

® Sub-sampling trajectory: (éml,am,l) R <§m7£70m7£>.
Theorem [BGY, Prep]
For self-normalized statistics (k =1,2,---, ) and m = n" with r € (0, 1):

N AN

b Trace(omi)
they satisfy (for any z € R):
1 n/m R
—Zﬂ(Tkgx> 2 P (SN < z)
n/m —

30/ 33



Simulation: Linear Regression with Infinite Variance

a=1.5, d=5, Linear Regression.

a=1.5,d=>5, Linear Regression.
1.0
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Simulation: Linear Regression with Finite Variance

0.9

Coverage Rate
°
>

o
3

0.6

0.5

Gaussian, d =5, Linear Regression.

Gaussian, d =5, Linear Regression.

0.0175
e e S RPN
ﬁ[\”’ o Y Hrs,
ru{""‘.‘.{"‘" ot Ny 00150
F
" ‘(’W iV
o
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(e LN o
Ny M v &
W o
W %
I £
J..‘l/ § 0.0100
£
'] I
i 5
, 2 0.0075
! £
[l 3
fA 0.0050
f
l!'} - r=0.7
J —o8 0.0025
9 — =06
e Baseline: 0.95
0.0000
0.0 0.2 X . 0.8 1.0 0.0 0.2 . 0.8 1.0
Number of SGD Iterations 1le6 Number of SGD Iterations 1le6

Optimal choice of m = n": trade-off between

® r small, quantiles accurate, 6,, or 6,, inaccurate.
® r large, 6,, or 6,, accurate, quantiles inaccurate.
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Takeaways

e Statistical inference for infinite variance SGD [BGY]:

® | everage self-normalization and sub-sampling.

_ g2 _ [ 52
n n

® Model-agnostic.

® QOpen directions:

® Optimal sub-sample size.
® Momentum SGD, Adam, ...

® Non-convex.
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