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Problem 1. Scalar stochastic recursion

Write hy = 1y, Ay = 1 — Mg € [0,1], and v; = E|6;|*. The initial assumption and |u+v|* < 8(Jul* +|v[*)
show inductively that vy < oo for every finite ¢t. Conditional Lyapunov inequalities give

El¢} | R <o®  |E[E|F] <o

(a) Fix any c € (0,4)) and put € = (4X — ¢)/3 > 0. Expanding the fourth power conditionally, with
x = 0; and h = hy, yields

E[0f | Fi] = Aja® + 6ATh*2*E[¢] | )
+4AaElE | Fi) + hElE | F).
The term involving x3¢; vanishes because E[¢; | ;] = 0. The cubic-noise term above need not
vanish. For h < 1, Young’s inequality and |z| < 1+ z* give

904

6AZR% 2 E[E? | Fy) < eha + ——h3,

[44,n%2B e} | ) \ 3h3m4 + 40313,
W'E[E | Fi] <

Also, since 0 < Ah < 1,
Al = (1= Ah)* <1 —4\h +6X%R%.

As hy — 0, choose t; so that, for t > t1, hy < 1, 6A*h; < ¢, and 40°h7 < e. Combining the bounds
gives
904
E[6%, | Fi] < (1 — chy)s} + Cohi, Co = — +40° + o*

Taking expectations proves the claim.

(b) If & = 1, choose ¢ additionally so that 2/a < ¢ < 4); this is possible because 2Xa > 1. If a < 1,
take any ¢ € (0,4)). Use the constants ¢, Cp from part (a) for this c¢. Set n =t + to and

— 7na71 + O(nan)'

h: a n a

Thus Dy — 0 when a < 1, while Dy — 2/a when « = 1. In either case choose ¢ with limy_, o, D; <
q < c. Increase to > t1 so that Dy < ¢ and chy < 1 for all t > t5. Choose a finite K satisfying

K> K(c—q) > Cy.

If v; < Kh? for some t > t5, part (a) implies
vig1 < (1 = chy) Kh? + Coh
< Khi(1—qh) < Khi(1 — Dihy) = Kh} 4.

Induction proves this for all ¢ > t3. Enlarging K to cover the finitely many 1 < t < ¢y proves
E|6:|* < Cn} for every t.
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(c) By part (b), for every M > 0 and every ¢,

El5]* = C
(|6 M) < —= < —.

The right side can be made arbitrarily small uniformly in ¢; hence §; = Op(/7).

(d) Since 2a > 1,

[e.e] o0
Z]E|6t]4 < Cad? Z(t +19) 72 < 0.
t=1 t=1

For each € > 0, Markov’s inequality therefore gives Y, P(|d¢| > €) < oco. The first Borel-Cantelli
lemma, applied to e = 1,1/2,1/3,..., implies §; — 0 almost surely.

Problem 2. Convex SGD
Write €t = 9t — 6% and At = <I>(9t) - q)(g*) > 0.
(a) Expand the squared distance and condition on F;:

Elllecr1]* | Fi] = lled* — 2ne(er, V(6,)) + n7E[||ge||* | Fi
< lec|l® — 2mAs + 07 G

The last step uses the convex first-order inequality (V®(6;),0; — 6*) > ®(6;) — ©(0*).

(b) Take expectations in part (a), sum from ¢ = 1 to 7', and discard the nonnegative terminal squared
distance:

T
2 nEA <Eller|® — Ellers|® + G*Qr < R* + G*Qr.
t=1

Because the weights 7;/St are nonnegative and sum to one, convexity gives, pathwise,

_ 1 L
ﬂ#&%%ﬂsggmﬁp
t=1

Taking expectations and using the preceding sum proves

R? + GQQT

E[e(A;)] - (6 < o

(c) With 7, = ¢/V/T, the weighted average is O, while Sy = ¢v/T and Q7 = ¢?. The bound in part
(b) becomes

R%/c+ G?c
2T

For R, G > 0, the right side is minimized at , yielding the requested RG/ VT bound.

E[®(0r)] - $(0") <



