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Problem 1. Let λ > 0, let (Ft)t≥1 be a filtration, and let δ1 be F1-measurable with E[|δ1|4] < ∞. Consider
the scalar stochastic recursion

δt+1 = (1 − ληt)δt + ηtξt, t = 1, 2, . . . , (1)

where δt is Ft-measurable and the noise satisfies

E[ξt | Ft] = 0, E[|ξt|4 | Ft] ≤ σ4 almost surely (2)

for some 0 ≤ σ < ∞. Let the deterministic step sizes be

ηt = a

(t + t0)α
,

1
2 < α ≤ 1, (3)

where a > 0, t0 ≥ 0 is chosen so that 0 < ληt ≤ 1, and, when α = 1, 2λa > 1. This is the error recursion for
one-dimensional SGD on a quadratic whose minimizer is zero.

(a) Prove that for every c ∈ (0, 4λ), there are constants C0 < ∞ and t1 ≥ 1 such that, for all t ≥ t1,

E[|δt+1|4] ≤ (1 − cηt)E[|δt|4] + C0η3
t .

(b) Prove that there is a constant C < ∞, independent of t, such that

E[|δt|4] ≤ Cη2
t .

(c) Prove that
δt = OP(√ηt).

(d) Prove that
δt −→ 0 almost surely.

Problem 2. Let (Ft)t≥1 be a filtration. Let Φ : Rd → R be convex and differentiable, and suppose it
attains its minimum at θ⋆. Consider

θt+1 = θt − ηtgt, (4)
where θt is Ft-measurable and gt is Ft+1-measurable. Assume

E[gt | Ft] = ∇Φ(θt), E[∥gt∥2 | Ft] ≤ G2 almost surely, (5)

for some 0 ≤ G < ∞. Assume E ∥θ1 − θ⋆∥2 ≤ R2 for some 0 ≤ R < ∞. For deterministic step sizes ηt > 0,
define

ST :=
T∑

t=1
ηt, QT :=

T∑
t=1

η2
t , θ

(η)
T := 1

ST

T∑
t=1

ηtθt.

(a) Prove

E[∥θt+1 − θ⋆∥2 | Ft] ≤ ∥θt − θ⋆∥2 − 2ηt{Φ(θt) − Φ(θ⋆)} + η2
t G2.

(b) Prove

E[Φ(θ(η)
T )] − Φ(θ⋆) ≤ R2 + G2QT

2ST
. (6)

(c) Assume R > 0 and G > 0. Set ηt ≡ η := c/
√

T and define θT := T −1 ∑T
t=1 θt. Determine c > 0 such

that
E[Φ(θT )] − Φ(θ⋆) ≤ RG√

T
.
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