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00103335: Deep Learning and Reinforcement Learning
Fall 2026

Problem 1. Let A > 0, let (F;)¢>1 be a filtration, and let d; be Fj-measurable with E[|d1|*] < co. Consider
the scalar stochastic recursion

6t+1 = (1_>\77t)5t+77t§t7 t= 1a27"'a (1)
where §; is F;-measurable and the noise satisfies
El¢: | Fi] =0, E[|&|* | Fi] <o almost surely (2)
for some 0 < 0 < co. Let the deterministic step sizes be
a 1
= - <a<l, 3
ui (t+ to)™ B = (3)

where a > 0, tg > 0 is chosen so that 0 < An; < 1, and, when a = 1, 2Aa > 1. This is the error recursion for
one-dimensional SGD on a quadratic whose minimizer is zero.

(a) Prove that for every ¢ € (0,4)), there are constants Cp < oo and ¢; > 1 such that, for all ¢ > ¢4,
E[|6:41]*) < (1 = ene)E[|6:]*] + Con}.
(b) Prove that there is a constant C' < oo, independent of ¢, such that
E[|6:*) < Cn.
(c) Prove that

0y = Op(\/r)-

(d) Prove that
0y — 0 almost surely.

Problem 2. Let (F;):>1 be a filtration. Let ® : R¢ — R be convex and differentiable, and suppose it
attains its minimum at 6*. Consider

Ot 1 = 0¢ — negs, (4)
where 6, is Fy-measurable and g; is F;41-measurable. Assume
Elg: | Fi] = V®(6,), IE[HgtH2 | Fi] < G? almost surely, (5)

for some 0 < G < co. Assume E||6; — t9*||2 < R? for some 0 < R < oo. For deterministic step sizes 1, > 0,
define

T T . L
St = Zm, Qr = Zﬁf, o7 = = Zﬂtet-
t=1 t=1 Tz
(a) Prove
E[[0r1 — 61 | Fi] < 10 = 6% — 20e{®(0,) — B(67)} + 17 G*.
(b) Prove
2 2
B0 @) - a(0) < T IO ()
2S5r

(c) Assume R > 0 and G > 0. Set 7, = 1 := ¢/v/T and define O := T~! ZtT:l ;. Determine ¢ > 0 such
that

E[®(f7)] — ©(0%) <

53



