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Problem 1. Equivalence of convexity conditions
Throughout this problem, write d =y — .
(i) = (ii). For t € (0,1), convexity at z 4+ td = (1 — t)z + ty gives

fla+td) < (1 —1)f(x) +1f(y).
Consequently,

flx+1td) — f(x

@D =T < piy) - fa).
Letting ¢ | 0 and using differentiability at z yields Vf(z)"d < f(y) — f(z), which is (ii).
(ii) = (iii). Apply (ii) first to (x,y) and then to (y,z):
fy) = fl@) = Vi) d,  fl@)-fly) = -V d

Adding gives (Vf(y) — Vf(z))"d > 0.

(iii) = (ii). Let ¢(¢t) = f(z +td) for 0 <t < 1. For 0 < s <t < 1, condition (iii), applied at = + sd
and z + td, gives

(t =) (@ (t) = ¢'(s) = (Vf(x+td) — Vf(x +sd) ((t - s)d) > 0.

Thus ¢’ is nondecreasing. By the mean value theorem, ¢(1) — ¢(0) = ¢'(c) > ¢'(0) = Vf(z)"d for
some c € (0,1). This is (ii).

(ii) = (i). Set z = Az+(1=N)y. By (ii), f(z) > f(2)+Vf(2) T (z—2) and f(y) > f(2)+V ()T (y—2).
Multiply these inequalities by A and 1 — A, respectively, and add. Since A(z — 2) + (1 — \)(y — z) =0,

A (@) + (1 =Nf(y) = f(2).

This proves all three conditions are equivalent.

Problem 2. Equivalence of strong convexity conditions

Define g(u) = f(u) — & ul[®>. Then Vg(u) = Vf(u) — pu. Problem 1 applies to the differentiable
function g.

(i) & (ii). For z = az + (1 — )y, the identity
1212 = allz|® + (1 = a)llyl* - a(l - a)lly — |
shows that g(z) < ag(x) + (1 — a)g(y) is exactly
f() < af (@) + (1= a)f(y) = Sall = @)y - o]
(i) & (iii). The first-order convexity condition for g is

F) = Sl9lP = @) = Sllall® + (V) = p2) " (y ).
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Rearranging and using ||y||?> — ||z]|> — 22" (y — 2) = ||y — z||? gives precisely
w
F) > Fla) + V@) (- )+ Ly - 2]

(i) & (iv). The gradient-monotonicity condition for g is

(Vg(y) = Vg(@) (y—2) = (VI(y) = V(@) (y—x) — plly — z)* > 0,

which is (iv). Thus all four conditions are equivalent.

Problem 3. Further consequences of strong convexity

Let d =y — 2 and h = Vf(y) — Vf(x). Problem 2(iv) gives

h'd > plld|?. (1)

(ii). Cauchy-Schwarz and (1) imply pu||d||> < h'd < ||h||||d||. If d = 0, the claim is immediate;
otherwise divide by ||d|| to obtain ||h|| > ul||d]|.

(iii). Apply the strong convexity lower bound, Problem 2(iii), with x and y interchanged:
f(@) = fy) = V@) d+ d|*
Therefore

) = f(2) = Vf@)Td < hTd = Ed|?

_ lnl* Hhd - QHZ
21 2 W

_ Il

J— 2” .

This is the required upper bound.
(iv). From (ii), ||d|| < ||h||/p. Thus

1
h'd < ||hflld]l < ;HhIIQ-

No Lipschitz continuity of V f is needed for these conclusions.
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Problem 4. Gradient descent with a decreasing step size
Write gt = Vf(21), dy = [|oe — 2*||, and Ay = f(21) — f(27).
(a). Apply Problem 2(iii) at (x¢, z*):

J@) 2 ) + g (@* =) + 5.

Rearranging gives g (z; — ) > Ay + %d%
(b). Expanding the squared distance after one update and then using (a) and ||g;|| < L,

d%+1 = ||z — r* — 77t9t||2

=d} — 2mg, (v — 2*) + 17 |9
< (1 — pme)d; — 2 + 7 L2

I

(c). Since n = 2/[u(t + 1)], rearranging (b) gives

LQ

B p(t+1)

Mt

((t = 1)df = (t+1)diyy) +

Multiply by ¢ and sum. The distance terms telescope: the positive term ¢(t — 1)d? cancels the negative
term from iteration ¢ — 1, and the initial coefficient 1(1 — 1) is zero. Consequently,

2 ¢
tA; < ——TT d
Z b= + )T+1+u 1154—1

TL?

W

(d). The weights wy = 2t/[T(T + 1)] are nonnegative and sum to one. Strong convexity implies
convexity, so Jensen’s inequality and (c) yield

T
f@r) = f@*) <D w(f(x) — f(a*))
t=1
92 T
~T(T 1) ;mt

2
<2 0(1) .
p(T +1) T
The argument uses only the stated bound on the gradients along the iterates; it does not assume
smoothness of f.



