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Give complete derivations and state any additional assumptions you use. Unless otherwise stated, all norms
are Euclidean.

Problem 1. Let f:R? — R be differentiable. Prove that the following conditions are equivalent.
(i) For every =,y € R? and every X € (0, 1),

FOx+ (1= Ny) < Af(x)+ (1= N)f(y).
(ii) For every x,y € R4,
fly) = flx)+ V(@) (y - ).

(iii) For every z,y € R?,
(Vi) - V@) (y—2)>0.

Problem 2. Let f:R% — R be differentiable and let p > 0. In this problem, condition (i) is the definition
of p-strong convexity. Prove that the following conditions are equivalent.

(i) The function

zr— f(z) = 3 ||z

is convex; that is, f is p-strongly convex.
(ii) For every x,y € R? and every a € (0, 1),

flaz+ (1 - a)y) < af(@) + (1 —a)fy) - al —a)lly - 2.

(iii) For every z,y € R?,
F@) = @)+ Vi@ (g —a)+ 5 lly -l

(iv) For every z,y € R,
(V) = Vi@) (y—2) 2 plly —=|*

Problem 3. Let f:R? — R be differentiable and p-strongly convex. Prove the following statement.

(ii) For every z,y € RY,
IVf(y) = V@) = ply— =l

(iii) For every z,y € RY,
fly) < fla)+ V(@) (y—a) + i IVF(y) = V@)

(iv) For every z,y € R,

(Vi(y) - Vi) (y—2) <= Vi) - Vi)

==
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Problem 4. Let f:R? — R be differentiable and p-strongly convex. Let 2* minimize f, let 2; € R, and

run gradient descent

2

Tip1 =z — eV f (), n=—- t=1,2,...,T.

p(t+1)7
Assume that the gradients encountered by the algorithm are uniformly bounded:
IVf(z)| <L, t=1,2,...,T.
No Lipschitz continuity of V f is assumed.

(a) Let
di =l =, Avi= flan) - [,

Prove that L
V()T (e —at) 2 A+ B2

(b) Prove the one-step inequality
d§+1 <(1- W?t)dtz —2m A + 77t2L2-

(¢) Prove that
T
TL?
> tA < —.
t=1 H
(d) Let the linearly weighted average be

9 T
rr i\=—m ————— tx:.
r T(T—i—l); ‘

Prove that



