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Assignment 1 Solutions
Capacity, Double Descent, and Implicit Bias
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These solutions show the main intermediate steps. Empty sums are understood to be zero, and all norms
without an explicit subscript in Problem 1 are in Lo (Px).

Problem 1. Why bias can fall while variance rises
Solution.

Write (g, h) := Ex[g(X)h(X)] and ||g]* := (g, 9)-
(a) Every f € F, has a unique representation f = 25:1 a;¢;. By orthonormality,

q

Q
1= mll? =3 oy 02+ 3 6.

j=1 j=q+1

The first sum is minimized uniquely by a; = ;. Hence

q Q
=320 |fr-mlP= > 62
j=1

J=q+1
Thus the approximation error is precisely the energy in the omitted coordinates.

(b) Since ]Es[Zj] = Gj,

Fo=Eslfol =Y EslZj)e; = 0;6; = f7.
o i=1

Consequently, the squared estimator bias is

Q
- 2
B2 = |Bsifi]-m| = > 62
J=q+1
Therefore, for g < @,

2 2 2
By — By = 0541 < 0.

Hence Bg is nonincreasing in ¢, and it decreases strictly at step ¢ 4+ 1 exactly when 6,41 # 0.
(c) At a fixed z,
q q
~ v
fol@) =Y 0;05(x) + —= > &65(x).
j=1 \/ﬁ j=1

Independence of the &;’s makes the cross-covariances vanish, so
~ 1/2 a
Varg{f,(z)} = o Z #;(x)%
j=1

Integrating and using Ex[¢;(X)?] = 1 gives

~ 2 2
Vy = Ex[Vars {[,(X)}] = 7 3 Ex[6;(X)%] = T

Therefore, for ¢ < @,
2

v
Vgr1 — Vg = —.
q+ q n

Since v > 0, Vj is strictly increasing in g.
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Problem 2. Gradient descent selects the minimum-norm interpolator

Solution.

Let A := XXT. Since X has full row rank, A is symmetric positive definite.

(a)

()

Expanding the objective and differentiating gives
1+ 11
VL(b) = _EX (y —Xb) = EX (Xb—y).
Therefore "
bt+1 = bt + EXT(y — th)

The Hessian is 1

V2L(b) = -X"X.
n

Since rank(X) = n < d, this Hessian has rank n and a nullspace of dimension d — n. It is not bounded

below by puly for any g > 0, so the theorem for globally strongly convex objectives does not apply on all
of R9.

Put

Using the update,
Tir1 =y — Xbita
=y - Xb — IXXT(y — Xb,)
n
= MTt.

Since 79 =y, we have r; = M'y.

Diagonalize
A = Udiag(\i,...,\)UT, A > 0.

A’ A\’
Mt:Udiag<<1—nl> ,...,(1—") )UT.
n n

If u; denotes column i of U, then

Then

n 2t

2
lrelly =

i=1

nA;

1- (u/y)?

nA;
n

2
<p"lyly,  pi=max|l-

All spectral factors have magnitude less than one precisely when

2n 2n

0<n< = .
Amax (A) HX||§p

On this interval p < 1, and therefore ||r¢||, < p*[ly|, — O.

Summing the first ¢ updates and using ry = M°%y,

t—1
_77 T s
by = X ;)M y.
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Since I, — M = (n/n)A is invertible, the matrix geometric series gives
i—1
> M= (I, - M) (I, - M)~
s=0

Thus

by=X"(I, - MHA 1y
=X"A Y1, - MY)y.

The second equality holds because M is a polynomial in A, so M! commutes with A~'. Consequently,
t
by =XT(XXT)"! [In - (In - ﬁXXT) } y.
n
Because |[M'[|,, < p' — 0,
by — b= X T (XX )ty

(d) Directly,
Xb = XXT(XXT) 1y =y,

so bl interpolates. If b is any interpolator, then X(b — b) = 0. Hence
b=bl+v,  veker(X).

But b € range(X ") = ker(X)+, so <bT,v> = 0. Pythagoras yields

ol = 11515 + el > 1153
with equality only for v = 0. Thus b is the unique minimum-norm interpolator.

(e) For arbitrary by, the residual recursion becomes

re = M7, ro =y — Xbp.

Summing the updates now gives
by = by + X AT, — M) (y — Xbo).

Under the same step-size condition,

by — by + X T A~y — Xbp)
=b' + [I; — X" (XX ") "'X] by.
The matrix
P:=X"(XX")"'X
is symmetric, idempotent, and has range range(X"). It is therefore the orthogonal projector onto
ker(X)+, and I; — P = Hier(x)- Hence
by — b + Hyer(x)bo-

GD updates can alter only the row-space component, so the initial nullspace component is preserved.
Zero initialization makes that component zero. More generally, any by with Ilye,x)bo = 0 also converges
to the minimum-norm interpolator.
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Problem 3. Hat matrices, residuals, and interpolation
Solution.

Throughout parts (a)—(e), d < n and X has full column rank.

(a) Since XX is symmetric positive definite, its inverse is symmetric. Therefore
H =X{X'X)"'}TX" =H.
Also,
H? =XX"X)"IX"X(X"X)" X"
=X(X'X)"'X" =H.
(b) If z € range(X), write z = Xa. Then
H: =XX"X)'X"Xa=Xa = 2.
If 2 € ker(X "), then Hz = 0. Conversely, Hz = 0 implies
X'z=X"THz=0,
where XTH = X T. Thus
range(H) = range(X), ker(H) = ker(X ).

A symmetric idempotent matrix is an orthogonal projector, so H projects onto range(X). Its comple-
mentary projector I, — H projects onto ker(X ") = range(X)*.

(c) If Hv = Av and v # 0, idempotence gives A\>v = Av, so A € {0,1}. The one-eigenspace is range(X), of
dimension d, and the zero-eigenspace is ker(X "), of dimension n — d. Hence

rank(H) = tr(H) = d, tr(I, —H) =n—d.

For the diagonal entries,
hii = 6?H€i = B;FHTHei = ||H61H3 Z 0.

Orthogonal projection cannot increase norm, so ||[He;||, < [le;|l, = 1, which gives h;; < 1. Finally,

(d) The least-squares normal equations give

Therefore
Since XTH=XT,
XTr=X"(I, -H)y = 0.
The two terms in y = Hy + (I,, — H)y lie in orthogonal subspaces. Hence
2 2 2
lyllz = [Hyll; + 1T — H)yll; -
The minimized empirical loss is therefore

. 1 2 1 2
—|ly = Xb|l; = — ||[I, — H .
min o [ly = Xbll5 = - (L, ~ H)yll;
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(e) Because H is the identity on range(X),
(I, — H)X3 = 0.
It follows that (I, — H)y = (I, — H)n. Conditional on X,
E 2 _wi T T
(T = )yl | X] =E[p (I, -H) (I, - H)p | X]
Eln' (L, —H)y | X]

= tr((L, — H)E[nn " | X))
= 72tr(L, — H) = 7%(n — d).

Problem 4. Inverse moment of a Gaussian Gram matrix
Solution.
Let Z = [21, ..., 2] € R™*P have independent standard Gaussian entries and W = Z T Z.

(a) Since m > p + 1, in particular p < m. Expose the columns of Z successively. Conditional on the
preceding columns, their span is a fixed proper subspace of R™, and the next independent Gaussian
column belongs to that subspace with probability zero. Hence Z has full column rank almost surely.

For every nonzero v € RP,
vTWo = ||Zo|3 >0

almost surely. Hence W is positive definite almost surely.

(b) If p=1, then W = [/ 2] and, by convention, P_; = 0; the claimed identity follows directly. For p > 2,
by part (a), Z_; has full column rank p — 1 almost surely, so P_; is the orthogonal projector onto
range(Z_,;) and has rank p — 1. Permute the columns so that z; is first and write

e =2z, b=17] c=7'72
W = b C ) T E A =7Z_;z, =7Z_;7_;.
The scalar Schur complement of C is

s=a—-b'C™'b

=z [Ln—2Z_;(Z1,Z_;)""Z ] %

= ZJT(Im — P_j)Zj.
The block inverse formula gives [W‘l]n = s~ !. Undoing the permutation yields

(W5 =2

(I =P —j)z;.
(c) Conditional on Z_;, the vector z; remains N(0,1,,), while I,,, — P_; is an orthogonal projector of rank
k=m—-(p—-1)=m-p+1.
Choose an orthogonal U that diagonalizes this projector:

U'(1,, - P_;)U = diag(I, 0).

Conditionally, g := UTz; ~ N(0,1,,). Therefore

k
Z]T(Im—Pfj)ZJZZQENX% k=m-p+1
=1
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(d)

If U ~ x3, then, by its density,

1
11 _ k/2—2_ —u/2
ElU™] = ST (R/2) /0 u e du.

For k > 2, set « = k/2 —1 > 0. The Gamma integral and recurrence give

_2°T(a)  1T(k/2-1)
T 2k2T(k/2) T 2 T(k/2)
1

E[U]

k-2
If k <2, the exponent k/2 — 2 < —1, and the integral diverges at zero. Hence

- on

Here k = m —p+ 1 > 2. Parts (b)—(c) and iterated expectation yield

B(W )] = ———

First we verify that the off-diagonal entries are integrable. Since W~! = 0, each 2 x 2 principal minor is
nonnegative, and hence
Wl < W [W s,

By Cauchy—Schwarz and part (d),

E[[W ) < E[v/ W1, [W-T],,

< VE[W-1],, JE[W-1.,] = m%p_l < 0o,

Fix r # s, and let D be diagonal with D,,, = —1 and all other diagonal entries equal to one. Flipping
column r of Z does not change its distribution, so

DW DL w1
The (r, s) entry on the left is —[W~1],,. Integrability therefore gives
]E[[W_l]m] = _E[[W_l]m] =0.

Combining this with the diagonal value from part (d) gives

L

BW == o)




