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Assignment 1

00103335: Deep Learning and Reinforcement Learning
Fall 2026

Problem 1. Let m(z) :=E[Y | X = z], and let ¢1,...,¢¢ form an orthonormal basis for a ()-dimensional
subspace of Ly(Px). In particular, each basis function has unit norm and

Ex[¢;(X)or(X)] = 0k, 1<4,k<Q.

Suppose
Q
m(z) =Y 0;¢;(z),  Fy=span{¢1,..., ¢}, Fo={0}, 0<¢<@Q.
j=1

We assume the estimated coefficient to be

v

Zi =05+ 726

q
iid I
GRNOL,  v>0,  fo=> Zj;
j=1

Define
2

B2 = HES[fq] fm‘ V, == Ex[Vars{f,(X)}].

L2(Px) ’
(a) Compute
. 2
I7 € argemln 1f =mll7, Py -
q

(b) Verify that Eg []?q] = f;, and show that Bg is nonincreasing in g.

(c) Verify that V, is nondecreasing in g.
Problem 2. Let d > n, let X € R"*¢ have full row rank, and consider
~ 1 ~
L(b) = o ly — Xb]3, bo =0, bey1 = by =V L(by).

(a) Compute VL(b) and verify that
bt = b+ X (y — Xby).
Show also that the Hessian is singular.

(b) Define r; :=y — Xb;. Show that

Tip1 = (In - %XXT) Tt To=Y.
Let A\1,..., A, > 0 be the eigenvalues of XX T. Use its spectral decomposition to prove 7, — 0 whenever
2n 2n
0<n<

Amax (XXT) Hxngp'

More precisely, prove

nAi

1-— <1.

I7elly < P Iy lla s p = max
(c¢) Sum the updates and use a matrix geometric series to derive
t
by = XT(XXT)_I |:In - (In - %XXT) } y.

Deduce that
by — bl = XT(XXT) 1y,
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(d) Verify that Xb' = y. If b is any other interpolator, show that b = bf + v for some v € ker(X). Prove
2 2 2
812 = [[o7]]; + Il
Hence show that b' is the unique minimum-norm interpolator.
(e) Suppose instead that by is arbitrary. Show that
by — bT + err(X)bO~

Problem 3. Let d < n, let X € R"*¢ have full column rank, and define its hat matrix by
H=XX"X)"'X".
(a) Verify directly that HT = H and H? = H.

(b) Show that Hz = z for every z € range(X), and that Hz = 0 if and only if z € ker(X ). Deduce that H
is the orthogonal projector onto range(X), while I,, — H projects onto ker(XT).

(¢) Determine the eigenvalues of H and their multiplicities. Conclude that
rank(H) = tr(H) = d, tr(I, —H) =n—d.
If h;; are the diagonal entries of H, also show that 0 < h;; < 1 and Zz hy; = d.

(d) For ordinary least squares, show that the fitted response and residual are y = Hy and r = (I,, — H)y.
Prove X7 = 0 and the Pythagorean identity

2 2 2
Iyllz = IHyllz + [|(I. — H)yl.
Express the minimized empirical loss - ||y — Xbl|> in terms of this residual.
(e) Now suppose y = X3 + 1, where, conditionally on X, E[ | X] = 0 and E[nn" | X] = 721,,. First show

that (I, — H)XS = 0. Prove
E|l(T, = H)y|; | X| = r*(n - d).

Problem 4. Let m,p be positive integers with m > p+ 1, let Z = [z1, ..., zp] € R™*P have independent
standard Gaussian entries, and set W := Z T Z.

(a) Show that W is positive definite almost surely.
(b) Fix 7, let Z_; contain all columns except z;, and define
P_j:=2_j;(Z',Z_;)7'2",.
For p = 1, use the convention P_; = 0. Apply the Schur-complement formula to prove

(W =2 I — P_j)z,.

(¢) Show that
2 Iy =P_j)z | Zj ~ Xp i

(d) If U ~ x3 and its density satisfies
yk/21g—u/2

fu(u) = W@/QV

u >0,

show that
1/(k—-2 k>2
]E[Ufl] — /( )7 > )
400, k<2.

Conclude that E[[W~1;;] = 1/(m —p — 1).
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(e) Show that

and conclude that



